Variational principles for thin dust shells are considered in Newtonian theory of gravity, and for charged shells in Special Relativity. We propose the variational principle for thin massive dust shells in General Relativity and study the results following from it. The configuration, being considered, can be thought of as the two vacuum regions with the dust shell as the boundary surface between them. The full action of the system we take as the sum of actions in the form of the York-Gibbons-Hawking type for both regions and of the boundary term containing the action of the dust matter and of the corresponding matching surface term. The variational principle is compatible with the boundary-value problem of the Euler-Lagrange equations for either regions of the configuration, and leads to "natural boundary conditions" on the shell. These conditions can be considered as the constraints, and, together with the gravitational field equations, are used for elimination of the gravitational degrees of freedom. The full reduction of the action are performed here for spherically-symmetric systems. By transforming the variational formula it is shown that the obtained action with constraints is equivalent to the two variants of the effective action without constraints for a particle with self-action moving in the external gravitational field. One of these variants describes the shell from the interior resting observer's point of view, another from the exterior one. The conditions of isometry of the exterior and interior sides of the shell lead to the Hamiltonian constraints.
I. INTRODUCTION
Thin spherically symmetric dust shells are among the simplest and most popular models of collapsing gravitating configurations (see, for example, review in [1] and references therein). However, even though the equations of motions for the shells in General Relativity have been known [2] , [3] , [4] for a long time and studied [5] - [11] , the construction of the General Relativity which appear even in the Newtonian theory. The initial full action of the system describes the dust matter of the shell, the Newtonian gravitational field and their interaction. Then, by eliminating gravitational "degrees of freedom" we transfer to the gravitational interaction at a distance. Thus we come to the action for an arbitrary dust shell with self-action stipulated by the Newtonian gravitational long-range interaction of particles of the shell (in the spirit of the theory of direct inter-particle interactions [25] ).
In the case of spherical symmetry we have a formal opportunity to introduce the dual interpretation of the shell: either from the internal or from the external observers' point of view and the associated discrete gauge transformation of the system.
In Sec.III we proceed to consider relativistic configurations, but still in a flat spacetime. They are an intermediate link between Newtonian ("light") and relativistic massive ("heavy") dust shells in General Relativity and are constructed by using the charged dust shells in Special Relativity. Here we have linearity of fields but the retardation appears. This makes it impossible to transfer, in general case, to the conception of long-range interaction by elimination of the electromagnetic field from the full action. However for spherical shells, electromagnetic field reduces to the Coulomb field, and, therefore, the elimination of it proves to be possible. This allows to construct the action for the relativistic test charged spherical shell with electric self-action. Here the dual interpretation of the shell depending on one's choose of either interior or exterior observer, is also possible. In accordance with it, the configuration admits a discrete gauge transformation associated with this choice.
In Sec.IY massive dust shells are considered in General Relativity. The full action is constructed for a compound, piecewise smooth Lorentz manifold with a four-dimensional spatially-closed boundary surface between the two smooth vacuum domains, corresponding to the world sheet of the shell. Hence it follows the Einstein equations for regions outside the shell and surface equations reducing to the known junction condition [2] . Elimination of the gravitational degrees of freedom yields the action for the shell with constraints. Variation of it, taking into account the constraints, gives the well-known equations of motion for dust shells [2] . Then, for the cases of homogeneous distributions of dust, the obtained above variational formula transfers to the equivalent form for the effective action describing a particle which moves in a field of some vector potential. This makes it possible, for spherical shells, to go over to a new interpretation of the effective action of the system as an action for a particle with the self-action moving in the external gravitational field. Then, transferring to the Hamiltonian formulation, and, using the isometry condition for internal and external sides of the shells, we obtain the Hamiltonian constraints.
Finally we consider some particular systems. The Hamiltonian for the self-consistent dust spherical shell has been constructed. In the interior resting observer's frame of reference this Hamiltonian coincides with that considered in [23] . Then we proceed to study the classical model for spherical-symmetric null oscillations of matter on the basis of dust shells. These shells are characterized by a peculiar property: the gravitational binding energy completely compensates the intrinsic energy of the shell, so that the full energy of the system vanishes. These systems can be thought of as the classical prototype of the Wheeler space-time foam [26] . In addition, we, briefly, consider more complex self-consistent configurations consisting of the set of concentric dust shells.
In Appendix A it is shown that the surface equations for jumps of the Christoffel symbols, obtained in Sec.IY, reduce to the know equations for jumps of the extrinsic curvature tensor of the shell [2] . In Appendix B we showed the canonical equivalence of the actions for the dust spherically-symmetric shell written relative to the interior and exterior observers. This equivalence is thought of as that in the extended phase space of the corresponding dynamical system.
In this work we consider non-relativistic and relativistic systems as well. In this connection, we shall not use dimensionless quantities and shall keep all the dimensional constants. Here c is the speed of light, γ is the gravitational constant, χ = 8πγ/c 2 ,h is the Plank constant. The metric tensor g µν (µ, ν = 0, 1, 2, 3) has the signature (+ − − −).
II. NON-RELATIVISTIC DUST GRAVITATING SHELLS A. The variational principle and equations of motion for Newtonian dust shells
The equations motion of the Newtonian shells have been considered in a lot of works (see [27] and references therein). Here we shall concerned with the variational principle for the dust shells only.
Let us consider an infinitely thin dust layer in the Euclidean space R (3) in the form of the closed surface Σ t moving in its own Newtonian gravitational field ϕ = ϕ( r). The full action for this configuration has the form
Here Σ t (t 1 ≤ t ≤ t 2 ) is a one-parameter family of the closed surfaces, D − and D + are interior and exterior regions of the shell Σ t at a moment t, d 2 f is the surface element on Σ t , dV is the volume element in R 3 , v is the velocity of particles of the shell, ∇ is the nabla operator, σ is surface (baryon) mass density of dust on Σ t . By virtue of the mass conservation law the value dm ≡ σd 2 f . (2.2) conserves along the stream tube of dust flow, and, therefore is not varied. Note also, that, by the requirement the potential ϕ is continuous everywhere, and, together with all its derivatives, vanishes at infinity. The requirement of extremity of the action δI with the boundary conditions for normal derivatives of ϕ on Σ t . The latter, for completeness, will be written out together with the continuity conditions for ϕ on Σ t :
[ϕ] ≡ ϕ | + − ϕ | − = 0 , ∂ϕ ∂η ≡ ∂ϕ ∂η + − ∂ϕ ∂η − = 4πγσ , r ∈ Σ t (t = const) .
(2.4)
Here ∂/∂η = ( n · ∇) is the derivative with respect to the exterior normal n ( n 2 = 1) to Σ t , vector n directed from D − to D + . The sign "| + " or "| − " indicates the marked values to be calculated as an extreme magnitude when approaching to the boundary Σ t from outside or inside respectively, the square brackets [ ] denotes the jump of the corresponding value on Σ t .
The solution of the equations (2.3), (2.4) is the potential of a "simple layer"
Now we can calculate I (N ) tot on the solutions of the equations (2.3), (2.4) . Thereby, the potential ϕ is excluded from the full action (2.1). As a result, we come back to the law of gravitation in its initials formulation as action at a distance. Thus we come to the conception of the direct gravitational interaction between particles of the shell.
To perform the excluding mentioned above, first of all, note that owing to (2.3) we have (∇ϕ) 2 = ∇(ϕ∇ϕ). This allows to transform the volume integral of (2.1) into the surface one on the boundaries of the regions D ± . At last, taking into account the boundary conditions (2.4) and an asymptotic behaviour of ϕ, we find the reduced action I (N ) tot , as the value of the initial action on the solution (2.5) of the equations (2.3) and (2.4)
Here I (N ) 0 contains the surface term, which is unessential for further consideration, and
is the effective action for the shell with the Lagrangian
where
is the functional of the potential energy of the gravitational self-action for the considered distribution σ( r) of the surface masses on Σ t . If there is an external gravitational field ϕ 0 = ϕ 0 ( r) the Lagrangian of the shell has the form
Here we consider both the self-action of the shell and the interaction with the external gravitational field ϕ 0 as well. Variation of the action (2.7) with respect to the trajectory leads to the equation of motion for particles of the dust shell
is a specific force of the gravitational self-action of the shell, δU (N ) [σ]/δσ( r) is the functional derivative of the potential energy functional for the shell (2.9). As we see, even in the most simple case of the Newtonian dust shell, the converting to the direct inter-particle interaction leads to the integral-differential equations which are difficult to solve.
The problem becomes more easy if we restrict our consideration by the class of motions for which the family of the equipotential surfaces ϕ 0 and ϕ σ coincides, and are reduced to the family of surfaces {Σ t } (t 1 < t < t 2 ). Herewith the value, parameterizing this family, plays a role of a collective coordinate for particles of the shell. In this case, owing to the conservation law v 2 /2 + ϕ 0 + ϕ σ = const, v 2 is constant on Σ t and the Lagrangian of the shell in (2.10) has the form
where m = Σt σd 2 f = const is the full mass of the shell. The only configurations, known to the author, relevant to this class, are spherically-symmetric systems. Therefore we shall consider now the case of radial motions of spherical shells under the external sphericallysymmetric gravitational field.
B. Spherically-symmetric non-relativistic dust shells
For spherical shells moving radially, with the centre in the origin of coordinates, we have Σ t : r = R(t), where R(t) is the radius of the shell at a moment t. With respect to the spherical coordinates {r, θ, α}, we have σ = σ(r),
The conservation law for the dust (2.2) can be rewritten in the following form
Note, that for spherical configurations, the external gravitational field ϕ 0 , essential for the shell dynamic, is defined by the distribution of masses inside the shell only. Therefore for the value ϕ 0 on the shell we can immediately write down 15) where m − is the total mass of the interior source. The potential ϕ σ and the self-action energy for the shell U (N ) prove to be equal
Replacing the corresponding terms in (2.13) by those of (2.14) -(2.17), we obtain the Lagrangian of the spherically-symmetric dust shell in Newtonian theory of gravity
In such away, the problem of investigating of the gravitational collapse of the spherical dust shell is reduced to the study of the one-dimensional dynamic system. The constructed effective Lagrangian describes the radial motion of a particle with the mass m, moving in the gravitational field of the attracting centre with the effective mass m − + m/2. The correction m/2 to the mass of the attracting centre is stipulated by the self-action of the shell.
A distinctive feature of spherical configurations is that within the framework of the Newtonian theory of gravity the two-valued description of the shell dynamic becomes possible with respect to the observer's position. Indeed, the gravitational field is characterized by the action exerted on a test body in this field. The test body is implied to be a body which does not affect on the other bodies in the region under consideration, but not to be necessarily of a small mass. Therefore, from this, extended point of view, the spherical shell of the radius R(t) and of arbitrary mass will be the test body for the interior regions r ≤ R(t) and does not affect on the motions of bodies inside the shell. For the considered configuration the test body of mass m is effected by the external force F − = −mdϕ − /dr from an interior observer's point of view. The direction of its action coincides with that of the force of the shell's self-action −∂U (N ) /∂r. This situation corresponds to the Lagrangian L (N ) sh− , therefore the latter can be interpreted as the Lagrangian describing the Newtonian shell from an interior observer's point of view.
An exterior observer (r > R(t)) determines the field judging by the force F + = −mdϕ + /dr acting on the test body of mass m in the field ϕ + = ϕ − + ϕ σ = −γm + /R(t). The same external force acts on the shell. The said field is generated by the total mass of the whole system m + = m − + m. If, by making use of this relation, we eliminate m − from L (N ) sh− we obtain the following Lagrangian
It can be interpreted as the Lagrangian describing the Newtonian shell from an exterior observer's point of view. Unlike the Lagrangian (2.18), in this case, the effective self-action "brakes" the shell moving in the field of the attracting centre with mass m + . In such a way, the system, being considered, admits the discrete transformation m ± → m ∓ = m ± ∓ m, that can be interpreted as both the gravitational potential transformation ϕ ± → ϕ ∓ = ϕ ± ± γm/R and the change of sign of the self-action potential U (N ) → −U (N ) . It corresponds to the going over from an exterior observer to an interior one.
The duality in description of spherically-symmetric shells in the Newtonian theory has a formal character. In fact both Lagrangians L sh+ can be used everywhere (0 < r < ∞) interpreting ϕ − and ϕ + as the external fields. In addition, using the additivity of masses, one reduces the action of the external field and the self-action of the shell to the effect of some attracting centre with the effective mass m ef f = m ± ∓ m/2.
The mentioned above ambiguity arising when describing spherically-symmetric shells is a matter of principle in General Relativity. The external Newtonian gravitational fields ϕ − = −γm − /r and ϕ + = −γm + /r are uniquely associated with the corresponding gravitational fields of General Relativity stipulating the geometry of the space-time background and their domain of determination (interior r ≤ R(t) and exterior R(t) ≤ r < ∞ regions respectively) as well. Therefore it is natural that even stationary observers, being in the said different regions will describe the same shell in a different way. In addition, since the additivity of masses is not hold already, we can not reduce the self-action potential of the shell and the external field to some effective field. The above reasons point out the source of those ambiguities in General Relativity which appear even in the Newtonian theory and are connected with the spherically-symmetric configurations only.
Note one more special feature of shells, which has non-trivial meaning in General Relativity. The Lagrangian L (N ) sh± completely and closely determine the motion boundaries of regions D ± independently one from another. That is why they can be thought of as independent systems determining the motion of the "loaded" boundaries of some spherical regions with their momenta and Hamiltonians
Here E ± is the total energy of these "loaded" boundaries, U
(N ) ± = −γm 2 /2R ± is their potential energy of self-action, and R ± = R ± (t) are the radiuses of the regions' boundary D ± . The systems (2.20) describe the same shell provided the regions D ± have a common boundary R + (t) = R − (t) ≡ R(t) for all moments t. In this case, eliminate the momentum P ≡ P + = P − from the equations H ± = E ± one has
Hence it follows an ordinary equality of energies and the additivity of masses of the systems
The property, extended to other self-consistent configurations, could simplify the problem of the determination of the shells' trajectories, moving in their own gravitational field. In this case, firstly, one should find the trajectories of the "loaded" boundaries' for some regions D ± independently. Then, considering these boundaries as different sides of the common traveling boundary of the regions D ± one should match them. In this connection, the question arises: for what else configurations the above properties are hold, or, otherwise it is simply an exceptional property of spherically symmetric configurations only. In General Relativity, a similar but not trivial procedure follows from the isometry condition of the corresponding four-dimensional regions boundaries. It is natural that in the general case it does not give the additivity of masses.
For the self-consistent shell m − = 0 and we have
The energy conservation law allows to find the velocity of the radial motion immediatelẏ
and to perform the classification of the possible trajectories of the self-consistent shell. The constructed Newtonian model of the collapsing configuration is valid at the speed of the shellṘ ≪ c. Taking into account (2.25) the condition of applicability of the Newtonian approximation can be expressed as the restrictions on the size of the shell
Here R c is a critical radius of the shell with a given energy E and mass m. At a critical radius R c the speed of the shell reaches the speed of light. For hyperbolic trajectories (E > 0) this radius can be as large as possible and at E = mc 2 /2 becomes infinite. For parabolic trajectories (E = 0) it equals R c = γm/c 2 and is inside the Schwarzschild sphere corresponding to the shell mass m. For elliptic trajectories (E < 0) the system is localized inside the region 27) where R max is a turning point. For the shells with energy E, satisfying the conditions −mc 2 < E < 0, the inequalities (2.26) and (2.27) together determine the domain of the possible scales of non-relativistic shells
When |E|/m is fixed , by decreasing m we can make the domain of the possible motions of the shell (and thereby its scales) as small as necessary. However we can not leave the framework of the macroscopic systems and the classical notions that correspond to them. It is easy to evaluate, from the consideration of the dimension, the critical shell's parameters for which the Newtonian classical approximation becomes invalid, and the quantum laws come into force. This will occur if the energy E, characteristic scale P , characteristic scale R (R ∼ R max ) and time T ( T is of order of the collapse duration) of the shell become comparable with the values of the quantum units of energy, momentum, length and time
for the classical particle of mass m in the gravitational field ϕ = −γm/R. Therefore, for such shells, even for the earlier stages of the collapse, until reaching relativistic speeds, the quantum mechanical consideration is necessary. For completeness we shall note that non-relativistic quantum approach is possible, if |E| ∼ E γ ≪ mc 2 . Hence it follows the restriction on the mass and average radius of nonrelativistic shells
where m pl and l pl are the Plank mass and length respectively.
III. CHARGED DUST SHELLS IN SPECIAL RELATIVITY
A. The variational principle for the charged dust shells
If the baryon mass of the shell is compatible with the Plank mass, then the non-relativistic approach becomes invalid. To study the problem of the collapse in a more general case it is necessary, first, to construct a classical model of a collapsing configuration within the framework of General Relativity. Here there is no additivity of the mass, and the gravitational field itself is multicomponent, non-linear and connected with the space-time background geometry. That is why simple approach and the corresponding interpretation of dust shells of the previous section turns to impossible in the general case.
However, for convenience and comparison with other approaches, it is desirable to keep simplicity and succession of the Newtonian theory, at least, on the stage of the classical relativistic generalization of the model. In addition, one should find out which of the aspects of Newtonian theory of shells are hold in the framework of the relativistic theory.
For this purpose let us consider the intermediate model on the basis of the test electrodynamic configuration in the space-time of Special Relativity. The configuration consist of the charged relativistic dust shell moving in electromagnetic field and not exercising back influence on the metric. The configuration keeps linearity on the fields and has a flat spacetime background. The initial full action of the system describes the charged dust of the shell, electromagnetic field, and their interaction within the framework of the standard conception of the local interaction. It turns out that in the spherically-symmetric case, by the eliminating of the own field of the shell, we can go over to the effective action for the shell with the self-action. This action is generated by the Coulomb long-range interaction of the charged particles in the spirit of the theory of the direct interaction between particles [25] . Thereby we go over to the conception of the direct "inter-particle interaction at a distance".
Note, that in the Newtonian theory of gravity, the law of gravity is initially formulated as action at a distance. Then the field is introduced for convenience and presents formally in the theory. In a relativistic picture, owing to the retarding, the field has independent dynamic degrees of freedom. Therefore, in the general case, within an ordinary dynamic approach, the procedure of the eliminating of the field degrees of freedom is difficult to perform.
In such a way when constructing the action for the relativistic shell, in order to keep succession with the previous consideration the problem of going over to the direct interparticle interaction becomes central. Uniqueness of the spherical symmetry shows itself by the fact that this problem is solvable for such configurations. It is stipulated by the fact that the electromagnetic field in this case becomes the Coulomb one. The field has on dynamic degrees of freedom, similar to the Newtonian long-ranged gravitational field. Therefore, the charged spherical shells in Special Relativity being relativistic, are similar to the Newtonian ones by the character of interactions between particles of the shell. Thus, here we succeed to combine relativism and long-ranged interaction.
In addition, in the case of spherical symmetry in Special Relativity there remains nonequivalence of interior and exterior regions of the shell. The latter is connected with the insensitivity of the interior region with respect to the exterior spherically symmetric distribution of the field sources. Hence it follows the extended interpretation of the notion of the test charged spherical shell, similar to the situation that takes place for the test massive shell in the Newtonian theory. As a consequence it leads to the two variants of description of the shell, either from the interior, or from the exterior observer's point of view. Here we have, also, a new possibility to describe the shell from the free falling observer's point of view.
Let us now construct the action for the charged dust shell in Special Relativity. For this purpose we shall consider the time-like spatially-closed hypersurface Σ
It is the world sheet of the infinitely thin charged dust shell moving in its own electromagnetic field. The full action for this electrodynamics system, in accordance with [28] , we shall take in the form
Here σ e and σ are the surface densities of charge and of baryon mass of the shell Σ by the hypersurface Σ 
where n µ is the four-normal to Σ
. Three-forms dΣ µ and dΣ is determined by the relation
where " ∧" denotes the exterior product, and η = n µ dx µ is a normal covector. On the shell Σ (3) t we have dΣ µ = n µ dΣ. In addition g = det |g µν |, where g µν are components of the Minkowski metric written in the corresponding relevant curvilinear coordinate system x µ . It is convenient to introduce the Lagrange coordinates x a (a = 2, 3) on the shell Σ
t , comoving the particles of dust. By the definition we have u µ x a ,µ = n µ x a ,µ = 0, and consequently u a = n a = 0. The equations x a = const determine the world line γ of some particle of dust on Σ 
and the dual vector basis
In the basis (3.5) the induced metric tensor on Σ (3) t and forms of volume are
Here "⊗" is the sign of a tensor product, d
2 Ω is the surface element of the area for the section of the elementary stream tube of dust, γ ab is the metric induced on these sections, γ = det |γ ab |.
Let us now introduce an elementary mass d 2 m and charge d 2 q for the surface element which is orthogonal to the stream tube 10) so, that the full mass and charge are given by the formulas
Here the integration is extended over the whole domain of values of the Lagrange variables
t . Since the mass and charge conserve along the stream tube the two-forms of mass and charge (3.10) must be closed only. Therefore the exterior derivative d 2 m is proportional to the three-form of the shell's volume
Hence, owing to the conservation law (3.12) we have 15) where (i = 0, 1). Thus one obtains σ √ γ = F (x a ). In similar fashion we find σ e √ γ = F e (x a ). Here F (x a ) and F e (x a ) are some arbitrary functions of the Lagrange variables x a . Now let us consider the action I t , and to the boundary conditions on Σ
Now, as in the case of the Newtonian shell, we shall eliminate the field A µ generated by the charged shell Σ t and of the asymptotic behaviour of A µ , we find the reduced action as the value of the original action (3.1) on the equations (3.16) (3.17)
is the effective action for the charged shell in Special Relativity. Here we used that the values of the covector of four-velocity ω = u µ dx µ and of the covector of potential A = A µ dx µ are proportional to the interval ds on the world lines of the shell's particles. The term I (e) 0 in (3.18) contains the surface terms unessential for further consideration.
If one tries now to complete the program of transition to the direct inter-particle interaction picture and of the construction of the action for the charged dust shell with self-action, then one should substitute the solution of the equations (3.16), (3.17) in terms of the retarded potentials for A µ in (3.19) . However, here we encounter new, principle difficulties, inherent in relativistic theories. Unlike the Newtonian configurations, the Lagrange description of relativistic dynamic systems by using only the coordinates and velocities of particles in general case is impossible due to the retarding [28] . The point is that the obtained relations will contain the values at the present moment t as well as at the previous moments, t ′ = t − | r − r ′ |/c which are equal to the time of retarding in spreading of the field perturbation to a given particle at a point r from all the other particles of the shell at points r ′ . Thus the condition of the system at a given moment t will not determine its further evolution. For the unique description of the system, it is necessary to know an individual pre-history of all the particles during ∆t = t − t ′ = | r − r ′ |/c. That is why some dynamic system with infinite number of degrees of freedom corresponds to each particle.
B. Spherically symmetric dust charged shells in Special Relativity
The special case of spherically-symmetric configurations is that when dealing with the long-rang Coulomb field only and there is no retarding of interaction. In this case we can complete the program of the construction of the action for the charged dust shell with self-action, and, in addition, we can combine relativism with the conception of the direct inter-particle interaction.
Thus, we consider the Minkowski space-time M 4 with the spherically-symmetric metric
and with the covector potential of the electromagnetic field
Let the spherically shell Σ
t with the centre at zero moves inside the hollow {r : r 1 ≤ r ≤ r 2 }. Dynamics of the shell's particles is describe by one collective coordinate R(t), so that the equation for the world sheet of the shell Σ (3) t in the general case is described by the equation r = R(t), with r 1 < R(t) < r 2 .
By using the gauge condition A r = 0 it is easy to show that the relativistic boundary condition (3.17) on Σ (3) t for the case of spherical symmetry, reduces to the ordinary condition for the charged surfaces in electrostatics 22) and the potential ψ satisfies the Laplace equation (2.3) outside Σ
t . Now the conservation laws for mass and charge of the shell have the form
For generality, we, also, explicitly introduce the external Coulomb field into the action (3.19). It will be significant for the shell, only in the case of the spherically symmetric sources situated inside the shell, i.e. in the region r < r 1 . In this case, when obtaining the action I (e)
sh , it is necessary to take into account that ψ = ψ − + ψ σ ≡ ψ + , where ψ − is the potential of the external source, and ψ σ is the field of the shell satisfying the condition (3.22) . Then integrating over the angular variables θ and α, and making use of (3.23) we come to the effective action for the spherical shell
where 25) and q − is the charge of the central source. The effective Lagrangian L
sh− describes the self-acting charged spherical dust shell in the field of the charge q − and has the form
is the effective potential energy of the electrostatic self-action of the shell The obtained Lagrangian (3.26) is the relativistic electrodynamical analog of the Newtonian Lagrangian L (N ) sh− (2.18). As we can see from these Lagrangians the potentials of the self-action U (N ) and U (e) have the same structure in relativistic and in non-relativistic cases as well, differing by the sign only. This reflects the physical meaning of U (N ) and U (e) as of the energy of the direct inter-particle interaction at a distance. Maintaining the interpretation of the previous section we shall treat L (e) sh− as the Lagrangian of the dust charged shell with the electric self-action, observed from an interior observer' point of view. Similarly, using the additivity of the charge we can introduce the full charge of the system q + = q + q − . Then the relation (3.26) can be rewritten in the form
This Lagrangian describes the shell being considered, out from an exterior observer's point of view. Hence it can be seen that, as in the Newtonian case, the system admits the discrete transformation q ± → q ∓ = q ± ∓ q , ψ ± → ψ ∓ = ψ ± ∓ q/R. This corresponds to the translation from an exterior observer to an interior one and otherwise. Using again the additivity of charge, the Lagrangians (3.26) and (3.28) can be rewritten as the Lagrangian of a particle with mass m and charge q, moving in the external Coulomb field with the effective charge q ef f = q ± ∓ q/2.
In such a way, for the case of spherical symmetry it turns out possible to maintain the analogy between the relativistic charged dust shells and the Newtonian dust shells. Here we also succeeded in going over to the effective action for the shell with an electric self-action, and, thereby, to the conception of the direct inter-particle interaction at a distance, i.e. to the long-ranged action.
In the conclusion we note, that for the case of the Newtonian shells as well as for the case of the charged relativistic shells, in order to eliminate the fields from the original action one uses not only the boundary conditions, but also, what is essential, the field equation. A natural question arises: Which of the above features remain for the massive relativistic shells, i.e. for dust shells in General Relativity? It turns out, that for the case of spherical symmetry, many of them will remain. For example the analogy between the charged and massive relativistic shells will remain, and so the form of the self-action of the Newtonian dust shell will. The differences when interpreting the shells from internal and external observers' point of view remains as well.
IV. MASSIVE DUST SHELLS IN GENERAL RELATIVITY
A. The variational principle and equations of motion for massive dust dust shells
The non-relativistic model of the collapsing configuration considered above, is invalid when the shell's radius R approaches the critical one R c , and the requirement (2.26) becomes broken. For study of the problem in a more general case, we shall consider the model of the collapsing configuration within the framework of General Relativity. As previously, we shall investigate only the simplest case of dust shells.
As was mentioned before, there is no additivity of mass in this case, and the gravitational field is non-linear. That is why the direct approach and interpretation of the dust shells considered in the previous sections, in the general case, turn out to be impossible. However it suggests us the way to follow. In addition, a number of aspects of the Newtonian theory remain in a relativistic case. These aspects are important when analyzing the correspondence between the Newtonian and general relativistic theories, and when solving the problems of interpretation in the theory of shells in General Relativity.
Note also, that to describe the manifolds with the singular distribution of matter and calculate the action for the shell one uses the language of the theory of the distributions [29] as a usual (see for example [21] ). Herewith the normal derivatives of the corresponding components of the metric have discontinuities at the shell, and the curvature tensor has δ-singularity. In our approach, the full space-time can comfortably be thought of as a compound manifold, joined together from pieces of a smooth manifold, i.e. in the form of a piecewise smooth manifold with the corresponding conditions of matching in the points of junction. The latter are obtained from the proposed variational procedure.
Thus, consider a time-like spatially-closed hypersurface Σ
of the space-time V (4) . Let it be the world sheet of the infinitely thin massive dust shell with the surface density of dust σ, which moves in the gravitational field. This shell divides the region D (4) into the interior and exterior ones, D
− and D
+ . Introduce the general coordinate map x µ on our compound manifold
+ and the piecewise smooth metric g 
One defines the elements of the four-volume d
4 Ω and three-volume d 3 Ω according to the formulas (3.2) and (3.3). In the same way as in the third section, we can introduce the Lagrange coordinates x a and the basis (3.5) on Σ
t . Then the formulas (3.7) and (3.8) are valid. From now and on in order not to complicate designations we shall omit the signs "| + " and "| − ". Remember that u µ is the four-velocity of dust, and n µ is the vector normal to the hypersurface Σ (3) t , and (u µ u µ = −n µ n µ = 1, u µ n µ = 0). Let, now, the full action of the considered compound configuration be of the form
is the Einstein-Hilbert action for the regions D
± , (4) R is the four-curvature scalar. The third term in the right side of (4.1) has the form
and contains the surface terms which are introduced to fix the metric on the boundary ∂D (4) of the region D (4) . In addition we have
Note, that the boundary ∂D (4) of the region D (4) consists of the pieces of time-like as well as space-like hypersurfaces.
The last term I 0 in the right side of (4.1) contains the boundary terms on the time-like infinitely remote hypersurfaces, necessary for normalization of the action. In Appendix A it will be shown, that the relation [
in the second term of the right side of (4.1) reduces to the jump of the extrinsic curvature tensor K µν of the hypersurface Σ
Here K = g µν K µν , and
The action (4.1) can be rewritten in a more compact form, provided one uses the relation
contains only the first derivative of the metric. Making use of Eq. (4.8), from (4.1) and (4.2) we find
is the gravitational action of the first order, and
is the action for the dust. The last relation in (4.12) is written in the form of the iterated integrals. Here one should, integrate, first, along the world line γ of a particle of dust, and, then, over the spatial section S (2) t of the shell Σ
t , i.e. make the summation over all the particles.
Further it will be more convenient to use the full action in the form (4.1). In this connection, we shall, briefly, discuss the auxiliary surface terms in the full action written in the covariant form (4.1).
The connection between the boundary terms in the action and the boundary conditions is considered in [30] . As was first noted in [31] , the action I EH is appropriate for a variational principle in which the values of π ij = ∂L g /∂ġ ij (i, j = 1, 2, 3) (or, in the case of boundaryvalue problem for time-like boundaries, the values p ab = ∂L g /∂ǵ ab (a, b = 0, 2, 3)) are fixed on two space-like boundaries.
The first and the penultimate terms in (4.1) form the action which can be ascribed to that of the York's type I Y . It is used in variational problems with the fixed metric on the boundary ∂D (4) of the region D (4) . It can also be used in variational problems with the general relativistic version of "natural boundary condition" [30] , when the metric on the boundary is arbitrary and π ij = 0 (or p ab = 0). These conditions correspond to the situation with a flag whose end is allowed to fly freely in the breeze [32] , or to the open relativistic string [33] (these examples are taken from [30] ). Thus, at σ = 0, the action I (g) tot can be reduced to that of the York-Gibbons-Hawking type I Y GH = I EH + I ∂D (4) + I 0 for a free gravitational field.
Note, that, as a rule, the boundary terms are formulated in the terms of the extrinsic curvature of the corresponding hypersurfaces. In the case being considered, for the configuration which contains the boundary hypersurface dividing the domain D (4) into parts and the whole boundary consisting of several pieces of edge, initial, and eventual hypersurfaces, it is convenient to use the unified language of the covariant approach.
Let us return to our compound configuration. Here, similar to the variational problem for the action I Y GH , we fix the metric on the boundary ∂D (4) . However, in addition, inside the system there is the boundary surface Σ Proceeding the analogy with a flag, the above configuration can be interpreted as two flags joined along some loaded line. If there is no dust, i.e. σ = 0, the common boundary is not loaded. In this case, the requirement δI (g) tot = 0, at arbitrary, everywhere continuous variations of the metric, leads to the condition of continuity for the extrinsic curvature on Σ (3) t , i.e., to ordinary matching conditions. If the edge, being matched, is loaded by some surface distribution of matter, then we obtain the corresponding surface equation or the boundary conditions. They are the analog of the mentioned above "natural boundary conditions" for massive loaded edges along which the two flags are matched. Thus, the variational principle for the constructed action will be compatible with the boundary-value problem of the corresponding Euler-Lagrange equations [34] , [35] .
In order to calculate δI
tot we use the formula [28] 
and
Rg µν is the Einstein tensor. In addition, we shall use the following conditions. The boundary of the configuration ∂D (4) , the metric on it, and the normal vector is fixed. Then
The boundary hypersurface Σ
t of the considered compound configuration is fixed, and, the metric and its variations are continuous on Σ t one has n µ| + = n µ| − , δn µ| + = δn µ| − . If all these conditions are satisfied, then from the requirement δI and the surface equations on Σ
where Q = g µν Q µν , and
It is shown in Appendix A that the surface equations (4.17) reduce to the known equations for the jump discontinuity of the extrinsic curvature tensor of the hypersurface Σ
where h µν = g µν + n µ n ν is the metric on Σ
t . Note, that from the relations (4.19) it follows
The missing equation for the average tensor of the extrinsic curvature can be obtained by considering the normal variations of the hypersurface Σ (3) t . Herewith it is convenient to rewrite the action (4.1) in a (3+1)-form. For this purpose we define some one-parameter family of time-like hypersurfaces in a neighborhood of Σ [36] . Thus for the four-curvature scalar one has
where (3) R is the three-curvature scalar on Σ
t , and a µ = n µ ;ν n ν is the four-vector of the curvature of curves with the tangent vector n µ . Substituting (4.22) into (4.2) and taking into account the relations a µ n µ = 0 and (4.6), one obtains the action (4.1) in the form
is the gravitational action of the York's type I Y , containing the normal derivatives up to the first order, andÎ ∂D (4) and I 0 contain the boundary terms, unessential here. Now let every point of the hypersurfaces Σ (3) t be translated at a coordinate distance
t ) in the normal direction. As a result of the translation one obtains a new hypersurfaceΣ (3) t . Let δλ(p) = 0 in the initial and eventual positions of the shell, i.e. when p ∈ Σ (3)
t ∩ ∂D (4) . In addition, we suggest that the metric is fixed everywhere and all the objects on Σ 
Then, for example, the variation of the region D
− can be expressed in the following form
where Σ
(1) p = {λ : 0 ≤ λ ≤ δλ(p)}. The variation of the action (4.24), under the above conditions, proves to be equal t , the full action is variated by the formula
(4.26)
Hence, owing to arbitrariness of δλ(p) and the requirement δI
Here we considered that [ 
Substituting these relations for the corresponding terms in (4.1) one finds
is the reduced action for the dust shell. In the latter relation the internal ("intrinsic", "integral, which is into brackets") integral is calculated along the stream tube, and the external one summarizes these tubes. It can be seen from (4.12) and (4.31) that the obtained action for the dust shell is twice as fewer as the original action for dust matter (4.12) It is necessary to stress that the action I (g)
sh is quite certain if the gravitational fields in the neighborhood of Σ (3) t are determined as the solutions of the vacuum Einstein equations (4.16) which satisfy the boundary conditions (4.19) and (4.28) . That is the finding of these fields that completes the construction of the action for the shell. It is natural that in addition to the above difficulties arising when dealing with the theory of Newtonian and especially electrodynamics shells, we have specific general relativistic problems connected with nonlinearity and covariance of General Relativity. This makes the mentioned above completion of construction of the action for the shell insurmountable in the general case. From now and on we shall not concern these problems and shall consider the gravitational field to be given.
Note, also, that the constraints (4.19) and (4.28) strictly determine the world sheet of the shell. Therefore the further possible variations of objects are stipulated by the variation of the trajectories of dust particles' motions on the fixed hypersurface Σ (3) t .
To find the equations of motion for particles of the shell one should introduce the interior coordinates y i (i, k = 0, 2, 3) on Σ
t . In addition, since the obtained action (4.31) is invariant, then one can go over to independent coordinates x µ ± in each of the regions δD Here " ;k " denotes the covariant derivative with respect to the coordinate y k calculated with the help of the metric h ik .
The consideration of the variational principle δI sh with respect to the external coordinates x µ , we consider the variations of dynamic values, generated only by the tangent to Σ (3) t variations of the coordinates x µ . These variations of the values will be denoted by the signδ. Thus, the admissible variations of coordinates satisfy the condition n µδ x µ = 0. Hence one finds the following representation of the coordinate variations
where δx µ are arbitrary values. Then we find
Supposing that δx µ = 0 on Σ
t ∩ ∂D (4) , from the requirementδI (g) sh = 0 we obtain the geodesic equations on Σ (3) t for particles of dust, but, already, in the four-dimensional form
Where "; ν " denotes the covariant derivative with respect to x ν , compatible with the metric g µν . Hence, using the definition of K µν (4.7) one obtains
Then, decomposing the values K µν into their average ("middle") partsK µν and jumps [K µν ] on Σ
t , and, again, introducing the signs "±" , we obtain
Finally, making use of the constraints (4.20) and (4.28) we come to the equations of motion for the shell's particles with respect to the exterior coordinates
For completeness one should add the unused constraints 
Du µ ds ± = 0 , (4.43)
where Du µ = u µ;ν dx ν is the covariant differential. Now, return to the variational formula (4.37). Acting in the same manner as when deducing the equations of motions (4.41), it can be transformed to the form 
Hence it follows
Therefore the variational formula (4.46) has the form
As in the Newtonian case, the problem becomes simpler, when considering only a class of configurations, homogeneous respecting the Lagrange coordinates y a . It means that the configurations, being considered, admit such motions of matter for which σ = σ(x 0 , x 1 ). In this case we can use the ansatz
where U n is a vector potential, and G nm ≡ U m,n − U n,m is its strength (n, m = 0, 1). Owing to the relation
the variational formula (4.49) can be rewritten now in the following form
Returning to the original action for the shell (4.31), we conclude, that
is the modified effective action for the shell written in terms of the exterior coordinates. At arbitrary variations of the coordinates x n and the fixed initial and final positions of the particles δx n | 2 = δx n | 1 = 0 we have δI The obtained actions I ± sh for the dust shell are interesting for they are free of the explicit constrains for dynamic variables of the shell and keep an analogy with the Newtonian and electrodynamic cases of the previous sections. In accordance with this analogy, U µ = {U 0 , U 1 , 0, , 0} can be interpreted as a four-vector of potential for a gravitational self-action of the shell. The potential, as a potential of electromagnetic field, admits the gauge transformations U µ →Ũ µ = U µ + f ,µ , where f is an arbitrary function of {x 0 , x 1 }. It is evident that this potential can be introduced for a narrow class of initial conditions and distributions of dust σ, which, during the movement of the shell, keep homogeneity respectly the Lagrange coordinates y a , and, thereby, admit the going over to the direct inter-particle interacting and interpretation of the gravitational field as long-ranged field.
In addition we can consider each of the regions D
± separately and interpreter them as manifolds with an edge. The equations of the edge hypersurface for each of the regions D (4) ± are determined from the variational principles δI ± sh = 0. These hypersurfaces can be found by solving the Hamilton-Jacobi equations
which follow from the action (4.54). Thus, in the proposed approach, the gravitational field and the world sheet of the shell are considered independently for each of the regions D
± . The further problem is to find the fields admitting such edge hypersurfaces that can be joined. Here it is necessary to make use of the other boundary conditions (4.42) and the isometry conditions for the edge metric (4.32).
Unfortunately, the class of configuration admitting the motion of dust with σ = σ(x 0 , x 1 ) and u µ = {u 0 , u 1 , 0, 0}, is a most narrow. The configurations, known to the author, belong to the family of spherically symmetric systems. In this connection, the question arises: what else configurations, not reducing to the spherically symmetric ones, admit the representation (4.54) with the self-action? It is clear that among these configurations are only those admitting gravitational collapse without radiation.
More general systems are described by the reduced action (4.31), which needs to be considered together with the constrains (4.19) and (4.28), and with the conditions (4.32).
B. Spherical-symmetric massive dust shells
In General Relativity as well as in electrodynamics of Special Relativity, sphericallysymmetric configurations are specific. In this peculiar case, according to the Birkhoff theorem, gravitational field is unique and, in curvature coordinates, is described by the Schwarzschild solution. That is why, similar to Newtonian and Coulomb fields, it is longranged, has no dynamic degrees of freedom [37] and can not spread (for a modern analysis of geometrodynamics aspects of spherical gravitational fields see in [38] ). Here the problem of retardation disappears and one can combine relativity and the conception of a long-ranged action.
In such a way, there is an opportunity to construct the closed Lagrangian description of the relativistic self-consistent massive shell, whose particle exert an influence on each other only through the direct inter-particle interaction at a distance. Note, that to find the sought action it is more convenient and simpler to start from the general results of the previous subsection having applied them to the particular case of spherically symmetric configurations.
Thus, let us consider spherically-symmetric compound region
+ ⊂ V (4) into the static spherically-symmetric space-time V (4) , where D
+ are exterior and interior regions separated from each other by spherically-symmetric time-like hypersurface Σ (3) t . By using the curvature coordinates we can choose common in D respectly the interior and exterior coordinates is determined by the equations r = R − (t − ) r = R + (t + ). Under appropriate choice of t ± we have R − (t − ) = R + (t + ). Therefore, the interior and exterior regions are determined by the relations
+ = {t + , r, θ, α : R + (t + ) < r < ∞} for all {θ, α} ∈ {0 ≤ θ ≤ π, 0 ≤ α < 2π, } and for all admissible t ± . The particles of the shell are described by one collective dynamic coordinate R = R ± (t ± ) and by the two fixed individual (Lagrange) angular coordinates θ and α. The minimal value of r − is limited by the domain of definition of the curvature coordinates.
The gravitational fields into the regions D (4) ± are given by the metrics
and M + and M − are the Schwarzschild masses generating the corresponding fields in the regions D
± , (M + > M − ). Owing to the spherical symmetry, the surface density of dust is distributed homogeneously on the shell: σ = σ(t ± , R). Therefore the conditions of applicability of the modified action (4.54) for the shell are satisfied. In this case we have
Using the gauge condition U r (t ± , r) = 0, the action (4.54) can be written in the form
Here, since the particles of the shell move only radially (θ = const, ϕ = const) we used the truncate integral
Then in the case being considered the ansatz (4.50)has the form
where m = 4πσR 2 is the baryon mass of the shell. Hence, up to an additive constant one finds
Finally, integrating in (4.60) over the angles θ and α and making use of (4.61) and (4.63), the effective action of the shell can be expressed in the form
where (4.65) are the Lagrangians of the dust shell with respect observes resting into the regions D
± , (R t± = dR/dt ± ), and
is the effective potential energy of the gravitational self-action of the shell. It is important that the self-action (4.66) has the same form as that in the Newtonian theory (2.17) , and is similar to the electrostatic self-action (3.27). The Lagrangians (4.65) themselves can be obtained from the corresponding Newtonian analogs (2.18) and (2.19) by the formal replacement of the first and second terms describing the kinetic and potential energies of the shell into the external field by their general relativistic analog, the geodesic Lagrangian −mc (2) ds ± /dt ± . It is natural that the Lagrangians (2.18), (2.19) , up to an additive constant, are the Newtonian limits of the relativistic Lagrangians (4.65) at c → ∞.
It is easy to see that the actions (4.64) transform each into other under the discrete gauge transformation.
These transformations generalize the corresponding transformations of the Newtonian theory of shells and reduce to the transformation from the interior observer to the exterior one and otherwise. Note, that despite the equivalence of the actions I ± can be joined along these edges Σ (3) t± . This can be performed only if the unused yet conditions of isometry of the edges Σ (3) t± are satisfied
t , γ + (t + ) = γ − (t + ) = γ, τ is the proper time of the shell. Now we study some results following from the isometry conditions of the edges. First, we obtain the relations between the velocities
the ambiguity of the choice of the sign at (2) ds. It is usually ascribed to ambiguity of the direction of the radial component of the normal to Σ (3) t . The point is that in the curvature coordinates the regions T − and T + coincide. Herewith, as a matter of fact the time singularity r = 0 contains the two singularities: past singularity and future singularity. Therefore, for instance, the movement of a test particle with the energy E = 0 consists of the two stages. At the first stage the particle begins to move into the expanding region T + from the past singularity r = 0 and reaches the horizon at a moment when r = 2γM/c 2 . Then it goes over into the contracting T − region and moves from the horizon to the future singularity r = 0. In the coordinates {r, t}, where r is the time coordinate, the latter stage looks like the movement directed backwards in time. Thus with respect to the curvature coordinates, the direction of time is not fix uniquely at R < 2γM/c 2 . Similarly, the R − -region of the Kruskal-Szekeres diagram coincides with the R + -region under the inverse mapping the Kruskal-Szekeres coordinates into the curvature coordinates. Herewith ordinary movement of particles into the future of the R − -region looks as the movement directed backwards in time that corresponds to the change ds → −ds. It means that ordinary particles moving into the R − -region are mapped into the R + -region as antiparticles (remember the Feynman's interpretation of antiparticles as ordinary particles moving backwards in time). Such trajectories can be taken into account by the change of the sign at mc (2) ds± in the expression for the action (4.64) of the shell. In order to use simplicity, convenience of interpretation and other advantages of the curvature coordinates and, at the same time, to keep information about shells into the R − -region we introduce an auxiliary discrete variable ε = ±1 and make a change (2) ds ± → ε ± (2) ds ± in I ± sh (4.64). Herewith ε ± = 1 correspond to a shell into the R + -region, and ε ± = −1 to a shell into the R − -region ("antishell"). Then, it is natural to introduce the quantities µ ± = ε ± m, which are bare masses. Their absolute values give us the masses of the shell |µ ± | = m, and, the sign points out that the object belongs to the R + or R − -regions (remember that subsigns " ± " indicate the outside and inside of the shell). Then the extended action has the form
are the generalized Lagrangians describing the shell inside any of the R ± -regions with respect to the curvature coordinates of the interior {t − , R} or exterior {t − , R} regions. The event horizons R g = 2γM ± /c 2 are, still, singular points of the dynamics systems (4.75) and must be omitted from consideration.
For the extended system (4.75) the Hamiltonian has the form
Hence, taking into account the constraints (4.74) one finds the standard relations of the theory of dust spherical shells [2] . We shall rewrite them in terms of new designations
The dynamic of dust spherical shells following from these equations considered in a lot of works [2] - [11] . In the next section we briefly touch some of the results following from the relations (4.77)-(4.79).
In the conclusion of this subsection we write out the stationary Hamilton-Jacobi equations corresponding to the Hamiltonians (4.77) and to the constraints (4.74)
They, in fact, contain solutions with ε ± = ±1 as well as with m > 0 or m < 0. When quantizing of the dust shell by using the Klein-Gordon equation, all they make a contribution into the general picture of the quantized collapse.
C. Particular cases of spherical dust shells and configurations of several shells
From the Hamiltonians (4.77) and constraints (4.74) one deduces the equations of motions, which are convenient to be written with respect to the proper time of the observer co-moving with the shell
For quality analysis of the shell dynamics it is more comfortable to consider the exterior Schwarzschild mass of the shell M + as a function of the bare mass m, of the interior Schwarzschild mass M − and of the turning point R m of the system (under reaching of which we have R τ = 0):
Thus, we obtained the rule of the nonlinear composition of masses for instantly resting shells, instead of the additivity relation for masses (2.22) in the non-relativistic theory. Making use of the Eq. (4.81) and (4.83), one can construct the classification of the shell's trajectories, and, from (4.82) it can be seen an explicit origin and physical meaning of constituents of the full acceleration. Thus the first term in the right side of Eq. (4.82) remains in the Newtonian theory as well, whereas the second term has an essentially relativistic nature and always is directed to the centre. It dominates either at a larger bare mass of the shell or at a small distance. From (4.82) one can see that at M + + M − > 0 the full acceleration is, always, directed towards the centre no matter whether the shell is into the R + or R − regions.
Then, the sign of µ ± (or ε ± ) can not change during the movement of the shell, since it is connected with the transition from the R ± -region into the R ∓ -region. The latter is possible only along the space-like trajectories, which is forbidden in the classical theory. In addition, each shell can be characterized by the binding energy E b , which, like the full energy of the shell E = (M + − M − )c 2 , conserves during the movement and is determined by the formula
So that
Therefore, the shells may be classified according to the values of µ ± and
2 . Elements of these classification see, for a example, in [14] . Thus at µ ± > 0, M + > M − one has the "black hole" with a shell in the R + -region; at µ ± < 0, M + < M − one has the "black hole" with a shell in the R − -region; at µ + = −µ − < 0 one has "wormhole" with a shell under the horizon. A more accurate classification can be performed by the using of the relation between the binding energy E b and the rest energy of the shell mc 2 . Here we shall not touch these questions and shall briefly consider some particular cases of the spherical configurations.
• Self-consistent shell. In the simplest case of the shell moving in its own gravitational field, the interior Schwarzschild mass vanishes, i.e. M − = 0. Suppose M + = M and let the shell move into the R + -region. Then with respect to the exterior coordinates, the Hamiltonian of the shell has the form
The same shell with respect to the interior coordinates is described by a simpler Hamiltonian
This Hamiltonian was considered in the works [23] , [24] . The mentioned Hamiltonians obey the constraints
and, as is shown in Appendix B, are canonically equivalent.
• The shell with vanishing full energy. Now we shall consider the shell for which the binding energy E b coincides with the rest energy of the shell mc 2 . Then M + = M − ≡ M, f + = f − ≡ f = 1 − 2γM/c 2 R, t + = t − ≡ t and for the full energy we have E = 0. This is possible, as it follows from (4.78), (4.79 ), only at µ + = −µ − < 0, i.e. for the wormhole. Thus we have a dust shell with vanishing full energy which moves under the horizon. We shall call such a shell "a zeroth shell" and shall consider as a classical model for "zeroth oscillations" of dust matter with bare mass m under the gravitational field with f = 1 − 2γM/c 2 R generated by the Schwarzschild mass M. In terms {t, R} the trajectories of "zeroth oscillations" are determined by the equation These shells can be though of as classical prototype of the Wheeler's space-time foam [26] .
• The set of concentric shells. Now, consider briefly more complex configurations consisting from the set of N concentric dust shells. Let R a , m a , τ a be the radius, bare mass and proper time of an a-th shell, respectively (a = 1, 2, ..., N). For simplicity we suppose that R a > R b if a > b. Then let M a be the Schwarzschild mass determining the gravitational field f a = 1 − 2γM a /c 2 r on the right side of an a-th shell, into the region R a < r < R a+1 . Suppose f 
is the Hamiltonians of an a-th shell. They, similarly to momenta P ± a , are considered from the resting observers' points of view, into the interior R a−1 < r < R a and exterior R a < r < R a+1 , regions correspondingly. They satisfy the constraints
where E a is the energy of an a-th shell. Now we are ready to determine the full Hamiltonian of this configuration where t a is coordinate time determined on the right from an a-th shell, in the region R a < r < R a+1 . The choice of sides (left or right) of the shells is not fixed beforehand and can be made from the reasons of convenience. Note, that owing to the constraints (4.97) in order to find evolution of the whole system it will be enough to consider evolution of each shell separately since the shell with the number n = a moves into the field f a−1 = 1 − 2γM a−1 /c 2 r generated by the Schwarzschild mass M a−1 . This mass is stipulated by all the shell with n < a.
ACKNOWLEDGMENTS
We would like to acknowledge R. A. Konoplya for his help with translation of this paper into English. I am also indebted to A. I. Aprasyuhin who was very helpful when preparing this manuscript.
APPENDIX A: TRANSFORMATIONS OF THE SURFACE EQUATIONS
Here we show that the surface equations for the jumps of the Christoffel symbols (4.17) reduce to the known equations for the jumps of the extrinsic curvature tensor on the shell [2] . 
FOR THE DUST SPHERICAL SHELL
Here we show the canonical equivalence of the actions I ± sh for the dust spherical-symmetric shell written with respect to the interior and exterior observers. This equivalence is implied to be in the extended phase space of the corresponding dynamic system. We can write the variational principle for the actions (4.64) in the form δI ± sh = δ (P ± dR − H ± dt ± ) = 0 ,
In addition, there is the connection between these two systems
These two systems will be canonically equivalent in the extended phase space of variables {P ± , H ± , R, t ± }, if
where F = F (R, t + , t − ) is the generating function of the canonical transformation {P + = P + (P − , t − , R), t + = t + (P − , t − , R)} . From (B4) we find
By virtue of (B2) it follows
Using the method for separation of variables and taking into account the constrain (B3) we obtain
where σ = σ(R, E) = (P + − P − )dR
Making use of Eq. (4.73) we can rewrite this equation in the form σ(R, E) = 1 c
Then differentiating the expression (B7) over E and using (B9) one finds the relation between t + and t − ∂F ∂E
where the constant α cab be omitted. Thus, the transformations
are the sought canonical transformations of the extended phase space {P ± , H ± , R, t ± } of the system. Herewith, the corresponding presymplectic form
is invariant under these transformations.
